We address the issue of modeling spot electricity prices with regime switching models. After reviewing the stylized facts about power markets we propose and fit various models to spot prices from the Nordic power exchange. Afterwards we assess their performance by comparing simulated and market prices.
like temperature and the number of daylight hours. In the analyzed period the annual cycle can be quite well approximated by a sinusoid with a linear trend [20, 21] . The weekly periodicity is not sinusoidal, though, with peaks during the weekdays and troughs over the weekends. Spot electricity prices are also regarded as mean reverting -for time intervals ranging from a day to almost four years the Hurst exponent is significantly lower than 0.5 [18, 19] . In addition to seasonality and mean reversion, spot electricity prices exhibit infrequent, but large jumps caused by extreme load fluctuations (due to severe weather conditions, generation outages, transmission failures, etc.). The spot price can increase tenfold during a single hour but the spikes are normally quite short-lived [2, 12, 15, 21] .
Now, that we have discussed the properties of spot electricity prices we can turn to modeling issues. The starting point is the analysis of seasonal components. On the annual level this can be done through approximation by sinusoidal functions [15, 21] , fitting a piecewise constant function of a one year period [1, 13] or wavelet decomposition [18] . On the weekly (or daily) time scale, the seasonality is usually removed by subtracting an average week (or day) from the data. Once the seasonal components are removed we are left with the stochastic part of the process. In what follows we will analyze the logarithm d t of the deseasonalized average daily spot prices D t , see the bottom panel in Figure 1 . For details on obtaining d t from raw data see [20, 21] .
The stochastic part d t can be modeled by a diffusion-type stochastic differential equation (SDE) of the form: dX t = µ(X, t)dt + σ(X, t)dB t , which is the standard model for price processes of stochastic nature. Mean reversion is typically induced into the model by having a drift term µ(X, t) that is negative if the spot price is higher than the mean reversion level and positive if it is lower, like in the arithmetic Ornstein-Uhlenbeck process:
where µ(X, t) = (α − βX t ) is the drift, σ(X, t) = σ is the volatility and dB t are the increments of a standard Brownian motion. This is a one-factor model that reverts to the mean L = α β with β being the magnitude of the speed of adjustment. The equilibrium level L can be also made time dependent to reflect the fact that electricity prices tend to revert to different levels over the year.
The second main feature of electricity spot prices, the "jumpy" character, calls for spot price modeling which is not continuous. One approach is to introduce to eqn. (1) a jump component J t dq t , where J t is a random jump size and q t is a Poisson variate [2, 10] . After a spike the price is forced back to its normal level by the mean reversion mechanism or mean reversion coupled with downward jumps. Alternatively, a positive jump may be always followed by a negative jump of the same size to capture the rapid decline -especially on the daily level -of electricity prices after a spike [20, 21] .
Since spot prices after a jump tend to remain high for several time periods (hours, sometimes even days) there is also need for models that are able to capture this behavior. The so-called regime switching models offer such a possibility and be discussed in the next section. 
Regime Switching Models
The price behavior of spot electricity prices can be modeled by dividing the time series into separate phases or regimes with different underlying processes. A jump in electricity prices can then be considered as a change to another regime [4, 8, 9] . The switching mechanism is typically assumed to be governed by a random variable that follows a Markov chain with different possible states. Thus, we have an unobservable variable in the time series that switches between a certain number of states which themselves are driven by independent stochastic processes [5, 6, 7, 16] . Additionally we have a probability law that governs the transition from one state to another.
Two-Regime Models
To introduce the idea of regime switching models we start with the simplest model with two possible states. The two-regime model distinguishes between a base regime (R t = 1) and a spike regime (R t = 2), i.e. the spot price is supposed to display either mean reverting or jump behavior at each point of time. The price processes Y t,1 and Y t,2 that are linked to each of the two regimes are assumed to be independent of each other. The variable R t that determines the current state is a random variable that follows a Markov chain with two possible states, R t = {1, 2}. The transition matrix P contains the probabilities p ij of switching from regime i at time t to regime j at time t + 1:
The current state R t of a Markov chain depends on the past only through the most recent value R t−1 . Thus P {R t = j|R t−1 = i} = p ij . The probability of being in state j at time t + m starting from state i at time t is given by:
where P denotes the transpose of P and e i denotes the ith column of the 2 × 2 identity matrix. There are various possibilities for choosing the stochastic processes for the base and the peak regime. However, considering the typical behavior of electricity spot prices described in the previous section, we let the base regime (R t = 1) be governed by a mean-reverting process, eg. given by eqn. (1) . In the spike regime (R t = 2) it may be interesting to try different types of distributions for the process Y t,2 . The Gaussian [9] and lognormal [20] laws were suggested in the literature so far. In the latter case the deseasonalized log-price process
2 ) in the spike regime. The parameter set θ = {c 1 , β 1 , σ 1 , c 2 , σ 2 , p 11 , p 22 } can be estimated using the so-called EM algorithm [3] .
Alternative Regime Switching Models
Clearly the variety of regime switching models is due to both the possibility of choosing the number of regimes (2, 3, etc.) and different stochastic process for the price in each regime. Especially for the spike regime it may be interesting to choose alternative distributions. Since spikes happen very rarely but usually are of great magnitude the use of heavy-tailed distributions should be considered. We therefore suggest the use of the Pareto distribution (see e.g. [11] ) for the spike regime. Also the process that switches between a certain number of states should be chosen in accordance with the typical behavior of spot electricity prices.
Huisman and Mahieu [8] propose a regime switching model with three possible regimes. The idea behind their specification differs significantly from the previous two-state models. They identify three possible regimes: (i) the regime R t = 1 modeling the "normal" electricity price dynamics, (ii) an initial jump regime R t = 2 for a sudden increase or decrease in price, and (iii) a regime R t = 3 that describes how prices move back to the normal regime after the initial jump has occurred. This definition implies that the initial jump regime is immediately followed by the reversing regime and then moves back to the base regime. Thus we get a 3×3 transition matrix with only four non-zero values: p 11 , p 12 = 1−p 11 , p 23 = 1, and p 31 = 1.
Furthermore, Huisman and Mahieu [8] suggest to model the base and reversing jump regimes by a mean reverting process and the initial jump regime by Brownian motion (i.e. a process with increments given by a Gaussian variate). However, we do not see the need for modeling the reversing jump regime with a mean reverting process. The process automatically leaves this regime after one time period and it seems that a Gaussian or a lognormal random variable will do the job as well. The direction of the initial jump is not specified; it can be either an upward or a downward jump. However, we restrict the model so that the reversal jump, on average, is opposite to the initial jump. Hence, our threeregime model is defined by dY t,1 = ( 2 ) in the reversing jump regime. In contrast to the two-regime models, the three-regime model does not allow for consecutive spikes (or remaining at a different price level for two or more periods after a jump). In the next section we will compare estimation and simulation results of different regime switching models. 
Empirical Analysis
In this section we analyze and model the logarithm d t of the deseasonalized average daily spot prices from the Nord Pool power exchange since January 1, 1997 until April 25, 2000. For details on obtaining d t from raw data see [20, 21] .
As we can see in Figure 1 , the data exhibits several extreme events that can be considered as spikes. While most spikes only last for one day there are periods where the prices exhibit three or more extreme events in a row, a behavior that could be considered as consecutive spikes, see the top panel in Figure 2 . This is the motivation for fitting the two-regime models with the base regime dynamics given by dY t,1 = (c 1 − β 1 Y t,1 )dt + σ 1 dB t and the dynamics in the spike regime following a normal, a lognormal or a Pareto distribution, see Section 2.1. For comparison, we also fit the three-regime model described in the previous section.
The estimation results are summarized in Table 1 . In all models, the probability of remaining in the base regime is quite high: in the two-regime model we get p 11 = 0.9800 for the normal and lognormal model specifications and p 11 = 0.9860 for the Pareto specification. For the three-regime model we get an extremely low probability of leaving the base regime p 11 = 0.9924. However, while in the threeregime model the price level immediately returns to the mean-reversion process after a jump, estimating the two-regime model we find p 22 = 0.6325 for the normal, p 22 = 0.6337 for the lognormal, and p 22 = 0.5497 for the Pareto model. Thus, in all three models the probability of staying in the spike regime is quite high, see also Figure 2 . The data points with a high probability of being in the jump regime (P {R t = 2} > 0.5) tend to be grouped in blocks in the two-regime models. Due to model specifications, in the three-regime model the probability of remaining in the second regime is zero.
Considering the unconditional probabilities we find that there is a 5.16%, 5.12% and 3.01% probability of being in the spike regime for the Gaussian, lognormal and Pareto two-regime models, respectively. This value is substantially larger than the probability of a jump in the three-regime model which is approximately equal to P (R = 2) = P (R = 3) = 0.75%. Surprisingly, the normal and lognormal distributions produce almost identical results. A closer inspection of the parameter estimates uncovers the mystery -with such a choice of parameter values the lognormal distribution very much resembles the Gaussian law. However, using a heavy-tailed distribution, like the Pareto law, gives lower probabilities for being and remaining in the spike regime and a clearly higher variance.
Simulated price trajectories were used to check for similarity with real prices and stability of results. Reestimating the models with simulated data led to only slightly biased estimates for the parameters. Sample trajectories for the two-regime model with lognormal and Pareto spikes can be found in Figure 1 . The trajectories of both models show strong similarity to real price data. We also checked the simulation results considering spikes as the most particular feature of electricity spot prices, see Table 2 . Defining a spike as a change in the logprices that is greater than 0.3 -either in positive or negative direction -we find that the regime switching models produce more spikes than there could be observed in real data. Especially in the two-regime model the number of spikes in simulations is about twice the number that was observed in the considered period. While the number of extreme events are overestimated in all models (see the values of q 0.99 and q 0.995 in Table 2 ), the magnitude of the largest spike in either direction is underestimated in the normal and lognormal models and overestimated by the Pareto distribution. This may suggest the use of alternative heavy-tailed distributions, e.g. a truncated Pareto or a stable distribution with parameter α > 1 [17] for the spike regime.
Conclusions
This paper addresses the issue of modeling spot electricity prices. For the deseasonalized log-prices d t we propose different regime switching models, which exhibit mean reversion and jump behavior.
We find that the models produce estimates for transition probabilities that can be interpreted according to market behavior. Simulated trajectories show high similarity with real price data. However, we find that the number of price spikes or extreme events produced by simulations of the estimated models is higher than what could be observed in real price data. This is especially true for the two-regime models where consecutive spikes have a higher probability than in the three-regime model.
